In this proceedings contribution we summarize and discuss results of Refs. [1, 2] in the light of recent developments in AdS 2 holography [3, 4, 5, 6] .
Introduction
The application of new ideas and concepts to the most elementary reasonable set-up has proven a fruitful strategy in the past to unravel their inner workings. In this manner, the application of holography in the form of AdS/CFT to three-dimensional Einstein gravity brought a number of remarkable results, e.g. the calculation of the Bekenstein-Hawking entropy using the Cardy formula [7] . However, at times the easiest set-up is not what one might naively expect. For instance, holography in two dimensions (2d) is more subtle than its higher-dimensional relative, partly because the global AdS 2 boundary is disconnected, partly because black hole horizons have no transversal space and partly because in most constructions the canonical boundary charges characterizing the physical states vanish identically.
Although Einstein gravity does not exist in 2d-the Einstein-Hilbert action yields just a topological invariant and no equations of motion-, the coupling of a scalar field, the dilaton X, to the metric yields a well-defined theory, 2d dilaton gravity, with rich classes of solutions. Its action is
where U (X) and V (X) are some arbitrary functions that define the particular model. A review of 2d dilaton gravity with an extensive list of references is presented in [8] .
In many cases the action (1) admits AdS 2 solutions, which suggests to apply holographic methods to 2d dilaton gravity. Recently, AdS 2 holography has gained increased attention [3, 4, 5, 6] since some properties expected of a reasonable boundary theory are shared by the Sachdev-Ye-Kitaev model [9, 10] .
In this proceedings contribution we discuss results previously obtained in [1, 2] and highlight particular points in the light of the new developments mentioned in the previous paragraph. In section 2 we start with a brief summary of the gauge theory formulation of 2d dilaton gravity which has a status comparable to Chern-Simons theory in three dimensional gravity. In section 3 we discuss aspects of holography in constant and linear dilaton backgrounds. In section 4 we include remarks on recent developments. Section 5 contains a brief conclusion.
Our conventions follow [2] : We work exclusively in Euclidean signature. Indices of elements of the frame bundle are raised and lowered using δ ab = diag(1, 1) ab , i.e. e a = δ ab e b . The volume form ǫ is defined as
ǫ ab e a ∧ e b = e 1 ∧ e 0 = * 1.
Two-dimensional dilaton gravity as a non-linear gauge theory
In the case of Einstein gravity in three dimensions, many calculations are considerably simplified in the Chern-Simons formulation. This is due to the trading of diffeomorphisms for pointwise gauge transformations. In a similar way, the realization of 2d dilaton gravity as a non-linear gauge theory [11] holds comparable simplification. In particular, 2d dilaton gravity arises as a specific Poisson sigma model (PSM) [12] . The transition is most lucid when the bulk action (1) is rewritten in the first order formulation
with the definition
where ω is the dualized spin-connection and e a the zweibein. The covariant derivative D is defined as
The additional fields X a can be viewed as Lagrange multipliers enforcing the torsion constraint De a = 0.
A PSM is a sigma model on a 2d manifold M with the target space Σ being a Poisson manifold. Its action is given by
Here X I denote coordinates on Σ, A I are 1-forms on M taking values in the cotangent space of Σ, and P IJ is the antisymmetric Poisson tensor on the target space that defines the Poisson bracket by
The Jacobi identity for the Poisson bracket translates to the the condition (
The action (4) is invariant under the non-linear gauge transformations
up to a total derivative and yields the equations of motion
upon variation with respect to X I and A I . If one chooses a three-dimensional Poisson manifold parametrized by coordinates (X, X a ) with Poisson tensor
the two actions (2) and (4) coincide under the identification A X = ω, A a = e a . The coupling of 2d dilaton gravity to (non-)abelian gauge fields is straightforward by adding further gauge connections and going to higher dimensional Poisson manifolds. Since the Poisson tensor is antisymmetric and of odd dimension, it must be degenerate. Thus, there necessarily exists at least one Casimir function C with X I , C = P IJ ∂C ∂X J = 0. The Poisson manifold decomposes into a union of symplectic leaves on each of which the Poisson tensor is non-degenerate and the Casimir functions are constant, cf. e.g. [13] .
The equations of motion (7a),(7b) allow for two distinct sectors of solutions. Constant dilaton vacua (CDV) are defined by the condition that the X I are constant on-shell and the Poisson tensor vanishes X K =X K , P IJ (X K ) = 0. These solutions might or might not exist depending on the existence of roots of the potential V. Generic solutions belong to the sector of linear dilaton vacua. These exist for any choice of the potential V. In the following we study the linear dilaton sector for locally Euclidean AdS 2 spacetimes. (The constant dilaton sector is holographically less interesting and is reviewed in [2] .)
Linear dilaton vacua in Euclidean locally AdS 2
In the following we are going to restrict ourselves to the study of the Jackiw-Teitelboim model [14, 15] . The defining functions are given by
This model has recently gained attention in the form of the Almheiri-Polchinski model with V = X − X [16] . It is clear that this model admits a CDV if X is finetuned to X =X. In the following we will stick to the potential (9). Since we are interested in spacetimes that are locally Euclidean AdS 2 , we impose the boundary conditions
on the zweibein with no further subleading components. The full geometry is specified by the 'mass function' M (ϕ). Compare this to the function t(ϕ) appearing in [3] , that specifies the different cutout geometries. The connection 1-form is specified by requiring that the torsion constraint [the 0 and 1 components of (7b)] holds exactly. This restricts ω to the form
The requirement ∂ X V = 1 for having a space of constant negative curvature R = −2 is obviously fulfilled by the potential (9) . The boundary conditions on the dilaton field X and the auxiliary fields X a are chosen as
The Casimir function for this model is given by
The boundary conditions (10), (11) , and (12) are compatible with the equations of motion given that the following relation hold
A study of AdS 2 holography with these boundary conditions was presented in [1] . In our boundary conditions it is implicit that all the functions appearing are state-dependent, in particular the dilaton field is allowed to vary to leading order. Therefore, the boundary condition preserving transformations are looser than might have been expected. Explicitly, they are given by
Using the relation λ a = ξ µ A µa the corresponding diffeomorphisms read
Expanding λ(ϕ) into Fourier modes and setting T n ≡ ξ[λ = e inϕ ] we find that the asymptotic symmetry algebra corresponds to the Witt algebra
Letting the dilaton field vary to leading order is crucial for this finding. 1 Under these transformations the functions X R , M transform as
We see that the mass function M (ϕ) transforms under an infinitesimal Schwarzian derivative.
1 If the leading order of X were held fixed, the symmetry would be broken to U (1). This is the main difference between [3, 5] and our discussion.
The canonical boundary currents are non-zero but in general non-integrable as noted in [1] . However, as shown in [2] assuming that the zero mode of X R is a state independent quantityX is enough to integrate the zero-mode charge perturbatively, such that the normalization of the Virasoro algebra (17) can be fixed to
with the central charge
Using the chiral Cardy formula thus yields the entropy
that coincides with the macroscopic calculation of entropy using Wald's method or the Euclidean path integral.
Remarks on recent developments
The recent interest in AdS 2 holography was sparked by the finding that the boundary dynamics of AdS 2 is governed by an action that consists of a Schwarzian derivative [3, 4, 5, 6] , since a similar action appears in the analysis of the Sachdev-Ye-Kitaev model, which describes fermions with random interactions [9, 10, 17, 18] . In the following we show how such a boundary action arises in the set-up presented in this proceedings contribution. According to the general case discussed in [19] , for a well-defined action principle the action (4) has to be supplemented by the two boundary terms
evaluated at some cut-off surface ρ c . Imposing that the spacetime be locally AdS 2 and the connection torsion-free, the full action I +I bdy is evaluated on the solutions (10) and (11) , and the bulk part vanishes identically. The dilaton field is assumed to grow asymptotically as X = X(ϕ)e ρ + O(1). When the cut-off surface is sent to infinity ρ → ρ c the boundary part yields
This result (22) is essentially the effective boundary action mentioned in the above works given the transformation property (17) of M (ϕ) with an infinitesimal Schwarzian derivative. However, we stress that in our construction the dilaton X is allowed to vary to leading order.
Discussion and outlook
In this proceedings contribution we discussed 2d dilaton gravity in the first order formulation and reviewed the linear dilaton sector and its holographic discussion derived originally in [2] . The asymptotic symmetry algebra is generically non-empty in the linear dilaton sector. In particular, in the case of the Jackiw-Teitelboim model, we find that the physical states form a representation of the Virasoro algebra given that the dilaton field is allowed to vary to highest order. It would be interesting to further examine the similarities and differences between our set-up and the one discussed e.g. in [3, 5] . It appears to us that the main difference lies in allowing the leading order of the dilaton field to fluctuate in our construction. Furthermore, if the occurrence of a Virasoro algebra in (18) is correct, one should reproduce a character of the Virasoro algebra in the one-loop contribution to the partition function. Work in this direction is currently in progress.
